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In recent years it has been found that quantum systems can posses entanglement in equilibrium thermal
states provided temperature is low enough. In the present work we explore a possibility of having entanglement
in nonequilibrium stationary states. We show analytically that, in a simple one-dimensional spin chain, there
is entanglement even at the highest attainable energies; that is, starting from an equilibrium state at infinite
temperature, a sufficiently strong driving can induce entanglement, even in the thermodynamic limit. We also
show that dissipative dephasing, on the other hand, destroys entanglement.
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I. INTRODUCTION

It has been realized that entanglement is rather ubiquitous
at sufficiently low temperatures. Ground states of interacting
quantum systems typically posses entanglement between dif-
ferent parts of a system. Similarly, when a system is at thermal
equilibrium at sufficiently low-temperature entanglement is
often present. This has been studied in a number of works
(see, e.g., Refs. [1] and references in [2]) and is called thermal
entanglement [3].

Much less in known, on the other hand, about entanglement
in nonequilibrium stationary states. The main difficulty is
that solving a nonequilibrium system, either numerically or
analytically, is much harder. Most studies of entanglement
in a stationary nonequilibrium setting have so far considered
only small systems of two or three spin-1/2 particles [4].
It has been shown that currents can enhance entanglement
[5]. In the present work we present fully analytic results
for entanglement in a stationary state of a nonequilibrium
system of arbitrary size. The main questions we study are the
dependence of entanglement in a nonequilibrium stationary
state (NESS) on the coupling strength to the bath, the driving
strength measuring how far we are from equilibrium, and the
dependence on system size. The Hamiltonian part of the model
we consider is a one-dimensional quantum spin-1/2 chain with
X X -type nearest-neighbor coupling,

n—1

H=) ofofy +ojo],. M
j=1

The XX model in its unitary setting is rather simple; it can
be mapped to a system of noninteracting spinless fermions
and can be easily diagonalized. A nonequilibrium variant,
in which we couple the system to reservoirs at chain ends,
can also be solved analytically, even in the presence of
dissipative dephasing. Nonequilibrium dynamics of the XX
model with or without dephasing [6—11] is rather rich, with
transport varying from ballistic to diffusive. For the X X model
without dephasing, which shows ballistic transport and is
coherent in the bulk, our findings are summarized in Fig. 1.
As one turns on the driving p one moves away from an
equilibrium state at infinite temperature (indicated by an empty
circle in Fig. 1), eventually reaching NESS in which one has
entanglement between nearest-neighbor spins, independent of
system size. By a sufficiently strong driving one can induce
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entanglement even in an infinite-temperature equilibrium state.
A nonequilibrium setting, therefore, enlarges the region of
parameters for which entanglement is present. In the presence
of dephasing though, situation changes. Entanglement is
present only if dephasing is sufficiently small, or if the
system is small enough. In this diffusive regime there is no
entanglement in the thermodynamic limit.

II. THERMAL ENTANGLEMENT

Before going to nonequilibrium properties let us first
remind ourselves of the entanglement in equilibrium state.
Results in this section are not new and will serve as a reference
point against which we will compare NESS results. For a
more detailed study of entanglement in the XY model see,
for instance, Ref. [12]. As a separability criterion we will
always use the minimal eigenvalue of the partially transposed
two-spin reduced density matrix pr 41> Where transposition is
done with respect to one spin. Its negativity is a necessary
and sufficient condition for entanglement of two spin-1/2
particles [13], which is the type of entanglement that we study
throughout the paper.

We shall consider the grand-canonical state p¢ at a certain
inverse temperature 8 = 1/T and chemical potential ¢,

_exp(=BH—¢pM)
o Z

PG L Z=uE (@)
where M = 37"_, o7 is total magnetization. To calculate the
reduced density matrix of two nearest-neighbor spins in an
infinite grand-canonical chain pg we need all two-spin grand-
canonical expectation values (G;YO'_;X_;_])G, where indices o,o’
label three Pauli matrices and an identity, and (A)g = tr (oG A).
Due to the symmetry of the XX model, the only nonzero
terms are (a}‘)c and (0;0;‘+1)G = (ojyoij)G = (H)g/(2n)
and (o707, ). For an infinite chain, the energy density and
magnetization can be found in [14], whereas correlations are

in Ref. [15]. In an infinite chain, the relation (ajzaf )6 =

(af)é —(ojo} +1>é holds [15]. In the thermodynamic limit

n — oo we have average magnetization and energy density

(af)G = % /ﬂ tanh (¢ — 28 cos k) dk,
| (3)
= ;/ cos (k)tanh (¢ — 28 cos k) dk.
0
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FIG. 1. (Color online) Expectation values of (o}) = (z) and

(070}, 1) = (zz) in the bulk of a NESS for the XX model without
dephasing. The thick top curve is equilibrium states (all at infinite
temperature), the shaded region is NESS states which can be
reached by nonzero driving . As one increases p the NESS state
moves downward, eventually reaching a region of NESSs having

entanglement (dark red region with full circle). For details see text.

Using these one can easily write a reduced density matrix

of two nearest-neighbor spins, p; j+1 = %[ﬂ + (o})c(o} +
y Y

07 ) + {0707, 1)6(0707, +05075,) + (0707, )6 070,

from which one can express the minimal eigenvalue of the

partially transposed reduced density matrix p}yrj +1- The result

is

PT 1 2 2
Amin = Z(l - (O—J)'(UJ)'(H)G + (O—Jz>G - 2\/5)’ “)
where w = (JJ’.‘UJ’.‘ " )é + (Uf)é. Transition from an entangled

state to a separable state happens when AFT = 0, which gives

a condition ({6707, )c + V2)?2=1+ (07)&- Numerically
solving this equation for critical g at ¢ =0, we get B, ~
0.5162, or temperature 7. =~ 1.94. This means that, below
this temperature, nearest-neighbor spins in a grand-canonical

kamin
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FIG. 2. Minimal eigenvalue of p}yg 41 (4) for grand-canonical state
of XX model at ¢ = 0 (3). A two-spin reduced density matrix p;
is entangled for T < 1.94.
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FIG. 3. (Color online) Isocurves of constant 8 (solid curves) and
¢ (dashed curves) in a grand-canonical state pg (2). Expectation
values of energy density (E) = 2(c}0},,)c and (z) = (0f)c (3) ina
two-spin nearest-neighbor reduced density matrix p; ;1 uniquely
determine B and ¢. Isotemperature curves are at T =1/ =
0,0.5, 1, 2, 4, 8, co (bottom to top), while iso-¢ curves are at
¢ =0, £0.25, £0.5, £1, £2 (center to right for 4, center to left
for —). Thick (red) line is expectation values for NESS states studied
in the present work.

state of the XX model are entangled (see Fig. 2). Critical 8
varies with ¢ only very slightly; for instance, at ¢ = 4 it is
B ~ 0.5146.

Note that the expectation values of magnetization and en-
ergy density uniquely determine a two-spin nearest-neighbor
reduced density matrix if the whole system is in a grand-
canonical state. The relationship between these two expecta-
tion values and temperature 7 and chemical potential ¢ can be
inferred from Fig. 3. As we shall see, all NESS states studied
in the present work have energy density equal to zero and
therefore lie on the thick (red) line in Fig. 3; that is, they
have the same expectation values of energy and magnetization
as equilibrium grand-canonical states at infinite temperature,
B = 0. Note, however, that such NESS states are of course not
grand-canonical as other expectation values; for instance, the
current or (o]?a_f +1)G do not have the same expectation values
as in the grand-canonical state.

III. NONEQUILIBRIUM XX MODEL
A. Setting

The nonequilibrium dynamics of the XX model will be
described by the Lindblad master equation [16],

d
S =il Hl+ L2(0) + L& (0) + L9 (p). (5)

Each of the three dissipative terms is expressed in terms of
Lindblad operators L as

L%(p) =Y ([Lep LY + [Li.pLD). (6)
k
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Dephasing is described by n Lindblad operators, each acting
only on the jth spin, and being

YV 4
L(}ephz \/;o'j, (7)

The bath dissipator LM acts only on the first spin, while £
acts on the last spin. Each involves two Lindblad operators, on
the left end:

Li=\rn(-5+r)o" Li=[r(1+5-a)or,
(®)

while on the right end we have
Ly = re(1+5 +a)or. L= e (1-5 - )0,
€))

where aji = (0}‘ + ia]}.')/ 2. Relevant parameters are the two
coupling strengths to the baths, I'r, and I'g, the driving strength
w that dictates the magnetization difference between chain
ends, the average driving fi, and the dephasing strength y.
Because driving coefficients have to be real we must have
I't > 0and 'k > 0 as well as (for all four sign combinations)

li%j:/l20. (10)

In order for this to hold u and & must lie inside a rhombus
with corners (0, &= 1) and (£2,0) in a “u -” plane. If, instead
of w and fi, we define the two parameters

woo wo

— =d, ——a=c; 11

> +i ; TR=c (11)
that is, u =c+d, it =(d —c)/2, the defined range is a
simple square, ¢ € [—1,1] and d € [—1,1]. The XX model
with or without dephasing has been studied in Refs. [6-11].
Our analytical calculations rely heavily on the exact NESS
solution found in Refs. [7-9].

B. Equilibrium, u =0

The equilibrium situation is obtained for u = 0 (other
parameters can be arbitrary). The NESS state is, in this case,
separable and equal to [9]

n

ONESS = % l_[ (I + fao7). (12)
j=1

This is exactly the grand-canonical state (2) with § = 0 and

tanh ¢ = —fi. All equilibrium states, from which NESS will

be reached for nonzero w, studied in the present work therefore

are at infinite temperature. These are indicated by a thick (red)

line in Fig. 3.

C. Nonequilibrium and no dephasing, y =0

We first focus on the case with y = 0 because the main
entanglement features are already present in this simpler X X
model without dephasing. Because everything is independent
of the system size n, the results presented in this subsection
are valid for any n.
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Expectation values in the NESS that we need for a two-spin
reduced density matrix are given in Ref. [8]:
. INR Y
TR F T + TR
(L= TR) + ILlR(I'L 4 I'r)

2 (A+TLlrR)TL+TR)
_ p (L —Tr) —T1TR)

2 (14 TLlR)TL +TR)’
anZﬂ_E(FL_FR)_FLFR(FL"'FR)

2 (I+TLI'R)TL+Tr)

as well as (o]of) = ajar—t*8;41 . Ranges that these pa-

(13)

—

:QN

=
1]

’

rameters can take are t € M[O,i], then a; € i — %[—1,1],
aep—5-1,1],anda, € i — 5[-1,1].

For equal coupling strengths at both ends, 'y, = I'gr, which
we will use in all figures, the above expressions simplify to
t=%rrr2,al =pa—-Tt,a=ji,anda, =i+ It

1. Two nearest-neighbor spins at the boundary

The reduced density matrix for two spins at the chain end
is

x 0 0 0
1o v 20 0

=210 —2ir z o) (14)
0 0 0 v

with x =1 4+a+a; +aa1—t>, y=14+a —a, —aa, + 1%,
z=1l—a+a —aa; +1t> v=1—a—a; +aa;—t* Cal-
culating pi, we get only one eigenvalue that can possibly
be negative and which is

Ain = 31 +aay — 12 — \/(a + ar)? + 412]. (15)

In order to simplify expressions, from now on in this
subsection we take the same coupling at both ends, I'L =
I'r = T'. This has no qualitatively important consequences. In
Fig. 4 we plot in black those regions of driving parameters
for which pj, is entangled; that is, APl is negative. In
addition to a “c-d ” plane we also show values of u, defined
as u =I't = ({07) — (0f))/2 and fi, which have physical

1.0 1.0
0.5 05
~ 00 = 00
~05 ~05
-1.0 ! ~1.0
210 —05 00 05 1.0 s 00 053
C u

FIG. 4. Parameters for which py; is entangled in the NESS (black
areas). Left: values of ¢ and d (11) for which there is entanglement.
Right: values of u = T't = ({o}) — (0{))/2 and ji with an entangled
p12. Right plot is just a rescaled and rotated left figure. Dashed lines
in the right plot denote a region of allowed parameter values. ['}, =
'R =2.
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FIG. 5. (Color online) Vertical axis is I' (I' = I'g), horizontal
axes are ¢ and d. Parameters within the two symmetrically placed
shaded regions, existing for I' > 'y, (18), correspond to two
entangled boundary spins in the NESS. Figure 4 shows a cross-section
of this plotat I" = 2.

interpretations as the difference of magnetization at chain ends
and the magnetization inside the chain (at all spins apart from
the first and the last one). On the “c-d  plot the minimal ¢ (i.e.,
the beginning of the right tongue in the left frame of Fig. 4) is
at

348244 —2I'(1 + I'HV/8 4+ I'2
1 +2I2(1+1?) ’

The functional form of the bottom boundary of this tongue,
d(c,I'), extending in ¢ from cp, to ¢ = 1, is

d=1—[14+w—c(14+32+T%H = /v, (17)

where w=T(1+T?)v/8+T2 and v=(1+TH[O+
54 + (14 A0 — 4(—1 + cw) — 2I' (=6 — 2¢* +-cw)].
For I > 1, the tongue extends all the way down to d = —1;
that is, d(c = 1,I') = —1. For I < 1 it is smaller, eventually
disappearing for I' < I'yin & 0.511, where

(16)

Cmin =

_ _ 1/3 1/3
Fmin:\/ 34 (27 — 3/78)13 + (27 + 34/78) Cas)

6

In other words, pj» can be entangled only if the coupling
strength is in the range 'y, < I' < oo. Entanglement tongues
are the largest (i.e., cpin is the smallest) at I' ~ 1.088 73.
Regions of " and ¢ and d for which py, is entangled can be seen
in Fig. 5. It is instructive to plot how the NESS state differs
from the equilibrium grand-canonical state. As mentioned,
the expectation value of the energy is, for our NESS states,
always zero [7,8] and one can always find an equilibrium
grand-canonical state having the same expectation value of
energy and magnetization (see Fig. 3). The expectation value
of (a]?af ) in the NESS, on the other hand, differs from that
in equilibrium. Therefore, we plot in Fig. 6 a region of allowed

expectation values of o7 and oo, in the bulk (away from
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FIG. 6. (Color online) Expectation values of (zz) = (o707, ) and
(z) = (o}) in the bulk of NESS lie between top solid curve and bottom
dashed curve. Top solid curve corresponds to equilibrium states.
As one increases u away from zero (keeping all other parameters
fixed) NESS moves vertically in the plot. For sufficiently large u
an “entanglement-smile” region of two entangled boundary spins is

reached, denoted by the dark (red) region. All is for I" = 1.088.

two boundary spins). Remember that, in equilibrium at infinite
temperature (where (aj’.‘a}‘ +1)6 = 0), one has the relationship
(UJ?JJ?H)G = (af)é (top solid curve in Fig. 6). One can see
that, for a sufficiently strong driving u, keeping i fixed, a
NESS is reached in which py; is entangled (red region). What
is even more interesting, for sufficiently large (z) (i.e., 1),
an entangled state is reached already for very small values
of w. That is, for large average magnetization fi, one can
reach entanglement from an infinite-temperature equilibrium
state already with small driving. One can say that a small
stationary perturbation of an infinite-temperature equilibrium
state can induce entanglement. This is quite different from
thermal entanglement, which is possible only at sufficiently
low temperatures.

2. Nearest-neighbor spins in the bulk
We proceed to entanglement of two nearest-neighbor spins
in the bulk of the chain. Using again expectation values (14)
we get the reduced density matrix
Ap 0 0 o
110 B 2t O
Piitt =310 —2it B 0 |’
0 0 0 A_

19)

where AL = (1 £ a)>—t? and B = 1 — a? + ¢%. The minimal
eigenvalue of the partially transposed pt’_ | is, this time,

J.j+1
A =104+ a? =12 = 2Va> +12). (20)

From now on we again set ', = I'r = T'". In Fig. 7 we can
see regions of parameters for which p; ;j; is entangled. The
main difference from the case of p;, (e.g., Fig. 4) is that the
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FIG. 7. Regions of entanglement in p; ;4 for 'y =Tr =1 in
“c-d” (left) and “u-fi” plane (right). There are two symmetric pockets
at large u; that is, at large magnetization difference across the chain.

entanglement is present in two pockets in the corners of Fig. 7.
The lower edge of the right pocket (near corner c = d = 1) is

c(1 4302+ T4 +2(1 + TH[-TV2 + VA]
d= , 2D
1+T24+T4

where A =14 T[30 + 2T + T — Be(1 +T'?)]. It runs
from ¢y, to ¢ = 1, with

e =3~ ATWV2H L1+ TV 22)
I+T24T*

Cmin 18 minimal; that is, the pocket is the largest for I' = 1.
When one increases or decreases I', the size of this pocket gets
smaller, eventually disappearing when ¢, = 1. This bounds
the range of possible couplings to

A+ v2-vV-1+2V2)
<D <i1+v2-V-1+2V2). (23)

In the bulk we therefore have entanglement in NESS only
in this range of I'. This can be seen in Fig. 8. In Fig. 9 we
also plot expectation values of magnetization and (o707, )
in the bulk. One can see that, in contrast to entanglement in
the two boundary spins, here one has entanglement only for
sufficiently strong . Note, however, that all these states still
have zero energy density. Compare also the left plot in Fig. 9
with Fig. 1, where an enlarged central section of this plot
(I' = 1) is shown.

Why can entanglement at the edge of the chain be reached
already for small p while large p is needed in the bulk?
The answer lies in different magnetization values at the edge.
Because the system is a ballistic transporter, magnetization
exhibits jumps at the boundary; it is it — u at the first spin and
[ at the 2nd, causing entanglement for small p.

Let us finally conclude the section on the XX model
with a discussion of non-nearest-neighbor spins. Calculating
the reduced density matrix and the minimal eigenvalue of
the partially transposed matrix we see that the condition
for entanglement is 1 —a? < 2+/a? + t*; in other words,
2|t| + @2* > 1. This can never be fulfilled and there is no
entanglement.
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1.0

d 0.5

1.0

FIG. 8. (Color online) Vertical axis is I' (I' = I'r), horizontal
axes are ¢ and d. Two pockets at intermediate couplings 0.531 <
I' < 1.883 (23) are NESSs with entangled two-spin reduced density
matrix p; ;1.

D. XX with nonzero dephasing

For the XX model with dephasing, NESS expectation
values depend on the system size. Under nonzero driving u,
the spin current is proportional to ~1/n, similarly as long-
range correlations. Because dephasing diminishes off-diagonal
matrix elements in the Pauli basis, it is to be expected that the
entanglement will be smaller compared to a coherent XX
model. This is indeed what happens.

For simplicity we will always use I'r, = I'r = I" and look
at the two central spins described by the reduced density
matrix p,2,./2+1. Using the exact solution for NESS from
Refs. [7,9] one can easily obtain the reduced density matrix
and the minimal eigenvalue of o'/, , » |- Expressions for ApT,
as well as boundaries of entangled regions are simple but long
and we do not give them here. The main difference with the

1.0 1.0
0.5 0.5
A A
N \ / N
Y00 Y00
N
~0.5 ~0.5
~10 =05 0.0 05 1.0 -1.0 -05 00 05 1.0
<z> <z>

FIG. 9. (Color online) Expectation values in equilibrium, u = 0
(top full curve), and out of equilibrium (p« # 0, region between dashed
and full curve). Dark (red) region is NESS states with bulk nearest-
neighbor entanglement. They are reached only for sufficiently strong
driving . Allis for I', = I'r = I'; on the left for I' = 1, on the right
for I' = 1.5. An enlarged central part of the left frame is shown in
Fig. 1.
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00 01 02 03 04 05
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FIG. 10. (Color online) Shaded region is a range of coupling
strengths I' [Eq. (25)] for which one can have a NESS with nearest-
neighbor entanglement in the middle of the X X chain with dephasing.

X X model is that the size of the entanglement pockets depends
on the dephasing strength y. There are two symmetrically
placed pockets, similarly as in the case of no dephasing.
Regions of entangled NESS disappear if y is larger than the
critical y,

_V241-T—1/T

2 24
Y P 24

Also, regions of entangled NESS states are present only if the
coupling strength I satisfies ' < I' < I';, where

Fe=Hw—ym-2)£/[w—yn—2)P -4}, (25

with w = 1 + +/2. These boundaries, which are a generaliza-
tion of Eq. (23), can be seen in Fig. 10.

When one increases y from zero, the last entangled NESS to
survive at y istheone withc =d = 1 (i.e., u = 2and x = 0).
At fixed y and in the limit n — oo, the critical dephasing
strength goes to zero and entanglement disappears! With y
there is therefore a discontinuous transition from entangled
NESSs at y = 0 (red pocket in Fig. 1) to no entanglement for
y > 0. This is illustrated in Fig. 11. One can see how the size
of the parameter region with entangled NESSs decreases when
one increases y or n. If nearest-neighbor spins p; ;41 are in
the bulk but not in the middle of chain, j # n/2, the situation
is similar as for p,/2 ,/2+1. As one increases dephasing y or n
there is a transition from entangled to separable p; ;. at cer-
tain critical dephasing. The only difference is that this critical

PHYSICAL REVIEW A 85, 012324 (2012)
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0.5 0.8

n

0.6

0.4

0.2

0.0
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FIG. 11. Left: Dependence of size of entangled region, 1 — ¢y,
on dephasing y for three different chain sizes n = 6, 10, and 16.
One can see that, for y > y, there are no entangled regions (cpin gets
larger than 1). Right: The extent of the entangled region for y = 0.04
and n = 6 and n = 10 (two full curves). ¢y, for these two curves
is marked with points in the left plot. For reference we also plot the
entangled region without dephasing, y = 0 (dashed curve; the same
data as in Fig. 7). The arrow shows the direction in which n increases;
only one quadrant of the “c-d ” plane is shown. Both plots are for
['=1and p,/2.n/2+1-

dephasing weakly depends on the location j in the chain where
the two spins are found. Critical y. weakly increases as one
moves away from the center of the chain.

For nearest-neighbor spins at the boundary, described by
the reduced density matrix p,, entanglement is possible only
if I is larger than some minimal value I'y,. This minimal value
depends on y and n in a complicated way; however, it has
a very simple thermodynamic limit. Namely, lim,,_, o 'y, = 1
irrespective of dephasing strength y. For I' > 1 dephasing
therefore does not destroy entanglement in p;,. The region of
entangled states still has the same shape as in zero dephasing
(Fig. 4), containing all states with ¢ = 1, only its width cpi,
changes. It shrinks to zero in the limit n — oo as well as for
y — o00. Inthe presence of dephasing there is no entanglement
between non-nearest-neighbor spins.

IV. CONCLUSION

We have studied bipartite entanglement between two spins
in a nonequilibrium stationary state of the XX chain of any
length. In the absence of dephasing we show that the two
boundary spins can become entangled for arbitrarily small
driving away from an infinite-temperature equilibrium state.
In the bulk, driving must surpass a certain value in order to have
nearest-neighbor entanglement. Coupling with the reservoirs
also has to be sufficiently strong. Dephasing, on the other hand,
decreases entanglement. Apart from the two boundary spins,
entanglement is present only if a product of dephasing strength
and system size is sufficiently small.
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