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We numerically investigate the heat conduction in a random-exchange Ising spin chain by using the quantum
master equation. The chain is subject to a uniform transverse field h, while the exchange couplings �Qn�
between the nearest neighbor spins are random; the largest size we simulate is up to 10. This model is
integrable; i.e., the nearest neighbor level spacing distribution is Poissonian. However, we find clear evidence
of nonballistic transport. In the small coupling regime �Qn�h�, an energy and/or temperature gradient in the
bulk of the system is observed and the energy current appears to be proportional to the inverse of the system
size. Moreover, we find that in the low and high temperature regimes, the thermal conductivity � and the
specific heat Cv have the same dependence on temperature. The large coupling case �Qn�h� is also discussed.
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I. INTRODUCTION

The derivation of Fourier’s law of heat conduction from
the microscopic dynamics without any ad hoc statistical as-
sumption is one of the great challenges of nonequilibrium
statistical mechanics.1 Even in the context of classical dy-
namical systems, the issue of energy �heat� transport, in spite
of having a long history �recently reviewed in Ref. 2�, is not
completely settled. In the harmonic chain, no global thermal
gradient occurs due to the lack of scattering between modes.3

On the other hand, some classical nonlinear systems of inter-
acting particles, especially those with nonlinear on-site
potentials,4 typically exhibit a diffusive behavior above a
critical interaction strength, which then leads to the onset of
Fourier’s law, J=−��T, relating the macroscopic heat flux
to the temperature gradient.

However, much less is known about transport in quantum
systems. The main problem is that, unlike with the classical
systems, time and space computer requirements for numeri-
cal simulations exponentially increase with the system size.
As a consequence, investigations have been so far mainly
focused on the linear response theory,5,6 whose validity is
questionable.7 We recall that in integrable systems such as
one-dimensional spin-1/2 Heisenberg chains, due to the ex-
istence of nontrivial conservation laws, the current-current
correlation functions typically do not decay to zero, which
implies ballistic transport.5,8 Therefore, quantum nonintegra-
bility seems to be a necessary condition for normal
conduction.9–13

The interesting question then arises whether the random-
ness �or disorder� in an integrable system can induce normal
�diffusive� transport. This problem is quite difficult even in
the classical regime. For example, it has been shown that the
energy transport in a mass-disordered harmonic chain
strongly depends on the spectral properties of the thermal

baths and, for some particular situation, even normal thermal
conductivity has been found.14,15 The heat conduction in a
quantum harmonic chain, with random couplings, has been
recently considered16 and it has been found that a finite tem-
perature gradient can be created. In this Brief Report, we
study the heat conduction in a random integrable Ising chain
by using the quantum master equation �QME�. We find a
clear evidence of nonballistic transport and also an indication
of diffusive transport.

This Brief Report is organized as follows: In Sec. II, we
describe the model and the method. Then in Sec. III, we
present the numerical results. Section IV is devoted for the
summary.

II. MODEL AND METHOD

We consider a spin-1/2 Ising chain subjected to a uniform
transverse magnetic field h.17–19 The Hamiltonian reads

H = �
n=1

N

h�n
z − �

n=1

N−1

Qn�n
x�n+1

x , �1�

where N is the number of spins, the operators �n
x and �n

z are
the Pauli matrices for the nth spin, and �Qn� are the random
numbers to be specified. In fact, system �1� is integrable as
can be mapped into a model of free fermions through a
Jordan–Wigner transformation. In particular, the nearest
neighbor level spacing distribution P�s� is Poissonian,
PP�s�=exp�−s�, which is in contrast to the Wigner distribu-
tion �PW= ��s /2�exp�−�s2 /4�� expected for chaotic systems.
In Fig. 1, we show the nearest neighbor level spacing distri-
bution P�s� for two different cases; in both cases, the distri-
butions are very close to the Poisson distribution as ex-
pected. Here, we take h=1 and choose a uniform distribution
for the exchange couplings, i.e., Qn� �0.05,0.15� in Fig. 1�a�
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and Qn� �0.8,1.2� in Fig. 1�b�. These parameters will be
used in the following discussion. However, we should men-
tion that one can, actually, choose other random distribution
of �Qn�, e.g., the Gaussian distribution. Here, we use a
simple uniform distribution since we focus on whether ran-
domness �disorder� can induce normal transport in an inte-
grable model.

In the following, we use the QME to study heat transport
in system �1�. To this end, we need to couple both ends of the
chain to thermal baths with different temperatures. However,
for convenience, we illustrate the method with just one bath
coupled to the left end of the chain. Then, the Hamiltonian
�including one bath� can be written as

H = H + HR + V , �2�

where HR=�k��kak
†ak is a phonon bath, with ak

† �ak� as the
phonon creation �annihilation� operator, and V=�1

x�k�gkak
+gk

�ak
†�	�1

xR is the interaction between the chain and the
bath. Under the assumption that the coupling between the
chain and the bath is weak, we can derive an evolution equa-
tion for the system density matrix � ��=1� in the Markovian
approximation,20

d�

dt
= − i�H,�� + ��W�,�1

x� + H.c.� , �3�

where W=
0
�g�	��1

x�−	�d	, �1
x�t�=eiHt�1

xe−iHt, and g�t�
=Tr�e−
HRR�t�R� /Tr�e−
HR� are the equilibrium correlation
functions of the bath.

If the couplings �Qn� are much smaller than the field h,
i.e., Qn�h, then we can neglect the interaction term in H
when evaluating W. This finally leads to a Lindblad-type
equation,21,22

d�

dt
= − i�H,�� + L� , �4�

where

L� =
�−

2
�2�1

−��1
+ − ��1

+�1
− − �1

+�1
−��

+
�+

2
�2�1

+��1
− − ��1

−�1
+ − �1

−�1
+�� �5�

is a dissipative term with �+= �2n���J�����=2h	�n�2h� and
�−= �2�1+n����J�����=2h	��1+n�2h��. Here, n���= �e�/T

−1�−1 is the Bose–Einstein distribution function �kB=1� and
J���=��k�gk�2
��−�k� is the bath spectral function. Since
only J’s value at 2h is relevant, we denote �2J�����=2h with
�. We note that in this weak coupling case, it does not matter
whether the bath is Ohmic or not.

However, if the couplings are not sufficiently small, we
need to evaluate W in the representation of the eigenstates
��n�� of H with H�n�=�n�n�. Then, the quantum master equa-
tion reads9,20

d�

dt
= − i�H,�� + ��X�,�1

x� + H.c.� , �6�

where the operator X is defined by 
m�X�n�
=��m,nn��m,n�
m��1

x�n�, with �m,n	�m−�n. Here, the bath
spectral function we use is of the Ohmic type with a large
cutoff �c, i.e., J���=�� ����c�. One can easily check that
the canonical distribution �=e−
H /Tr�e−
H� is a solution of
Eq. �6� with 
 as the inverse of the bath temperature. The
master equation �Eq. �4� or �6�� was solved by the fourth-
order Runge–Kutta method. In numerical simulations, we
use the Lindblad formalism for the weak coupling case and
the general QME �Eq. �6�� for the strong coupling case. Also,
we fix the magnetic field h=1 �as the unit of energy� and
�=�=0.01. The simulation time was chosen to be long
enough such that the final density matrix � no longer appre-
ciably changes with time, and thus, represents a steady state.

III. NUMERICAL RESULTS

First, we perform equilibrium simulations with the Lind-
blad equation �Eq. �4�� �see also Ref. 22�. To this end, we set
the left and the right baths to the same temperature T and the
coupling constants uniformly distributed in the interval Qn
� �0.05,0.15�. In Fig. 2, we plot the numerical results for the
local energy E �	E2�, which were averaged over 30 realiza-
tions of �Qn� versus the temperature for a chain with N=4.
The local energy density is defined as En=Tr �Hn, where Hn
is the local energy density operator,

Hn = − Qn�n
x�n+1

x +
h

2
��n

z + �n+1
z � . �7�

At a low temperature, E saturates to a constant that is deter-
mined by the ground state. For larger T, numerical results
give E�−1 /T �which means the specific heat Cv= �E

�T �T−2�.
The central local energy can also be calculated by using the
canonical average, 
H2�=Tr�H2e−
H2� /Tr e−
H2, which is
shown in Fig. 2 �solid line�. We observe that the two curves
nearly perfectly fit when the couplings �Qn� are small. How-
ever, when �Qn� become larger, e.g., Qn� �0.8,1.2�, the dif-
ference emerges �see inset of Fig. 2�. This is because the

FIG. 1. Nearest neighbor level spacing distribution P�s� for two
different cases. In both �a� and �b�, we take h=1. In �a�, the cou-
plings �Qn� are uniformly distributed in an interval, i.e., Qn

� �0.05,0.15�, while in �b�, Qn� �0.8,1.2�. The size is N=10, and
sample is taken over 30 realizations of �Qn�. As a comparison, we
also show the Poisson distribution �dashed line� and the Wigner
distribution �full line�.
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Lindblad equation �Eq. �4�� is only valid for small �Qn�.
In order to study the heat conduction properties, we also

need to define the local temperature. In a classical lattice
model, one can define the local temperature via the average
kinetic energy. In our quantum model, the situation is not so
obvious even in the equilibrium case.23 In this Brief Report,
we use the local bond energy En=Tr �Hn to identify the local
temperature. If the couplings are small, one can expect a
factorized form of the density matrix, �� �ne−
nHn, with 
n
as the local temperature. Then, there is one-to-one correspon-
dence between the local temperature and the bond energy.

Now, we turn to discuss heat conduction in the Ising chain
with random couplings. We set the couplings uniformly dis-
tributed in the interval Qn� �0.05,0.15�. Figure 3 shows the
energy profile for nonequilibrium simulations of a random
chain, with different sizes, ranging from N=6 to N=10. The
temperatures of the baths are set to TL=10 and TR=5. We
observe that in the bulk of the chain, an energy gradient is
built for any system size. For comparison, we also show the
energy profile for an ordered chain wherein the energy gra-
dient vanishes, thus, signaling ballistic transport.

The energy current operator can be defined through the
equation of continuity �tHn= i�H ,Hn�=Jn−Jn+1. In our case,

Jn = h�Qn�n+1
x − Qn−1�n−1

x ��n
y . �8�

In Fig. 4, we plot the energy current J=Tr �Jn �which does
not depend on n in the steady state�. The results suggest that
the current is proportional to the inverse of the system size,
J�N−1.

In Fig. 5, we plot the thermal conductivity �=J / �TL
−TR� as a function of temperature. In the numerical simula-
tions, we set the temperatures of the baths as TL=T�1+�� and
TR=T�1−�� with �=0.02. It turns out that the thermal con-
ductivity � and the specific heat cv have a similar depen-
dence on temperature. Indeed, since in our case the couplings
�Qn� are very small, the specific heat of a single spin can be
approximated by cv�� 2h

T �2 e−2h/T / �1+e−2h/T�2 . That means that in
the low temperature regime, cv�� 2h

T �2e−2h/T, while in the
high temperature regime, cv�T−2. The inset of Fig. 5 shows
that, in fact, the low temperature behavior of thermal con-
ductivity is ��� 2h

T �2e−2h/T. Instead, at a high temperature,
our numerical results show that � roughly decays as �
�T−2, which is similar to the behavior of a classical Heisen-
berg model.24

Finally, we have investigated the thermal conductivity for
a large coupling case Qn� �0.8,1.2�. Here, the numerical dif-
ficulties are even more severe. Our results, as shown in Fig.
6, indicate that an energy gradient is built if the temperature
difference of the baths is large enough �inset�. Moreover, at a

FIG. 2. �Color online� Local energy E �	E2� as a function of
temperature T for a random system with N=4, and the couplings
Qn� �0.05,0.15�. Each point �square� corresponds to equilibrium
simulations in which the bath temperatures are set to the same value
T. The solid line corresponds to the canonical average 
H2�
=Tr�H2e−
H2� /Tr e−
H2. The sampling is taken over 30 realizations.
In the inset, the same data are shown for the couplings Qn

� �0.8,1.2�.

FIG. 3. �Color online� Energy profile En for a random chain with
Qn� �0.05,0.15� and different sizes N. The numerical data are av-
eraged over 50 realizations of �Qn�. The temperatures of the left and
right baths are TL=10 and TR=5. For comparison, the energy profile
En of an ordered chain with Qn=Q=0.1 is also shown �squares�.

FIG. 4. Double-logarithmic plot of the heat current as a function
of size. Qn� �0.05,0.15�. TL=10 and TR=5. The sampling is taken
over 30 realizations; the error bar represents the standard error of
the mean value.

FIG. 5. �Color online� Thermal conductivity � as a function of
temperature T for N=8 and Qn� �0.05,0.15�. The bath tempera-
tures are TL=T�1+�� and TR=T�1−�� ��=0.02�. The error bars rep-
resent the standard error of the mean value. The inset shows the low
temperature behavior of thermal conductivity.
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high temperature, � decays as ��T−2, while no definite con-
clusions can be made for the low temperature behavior of
thermal conductivity.

IV. SUMMARY

In summary, we have studied heat conduction in a random
Ising spin chain within the quantum master equation formal-

ism. The chain is subject to a uniform magnetic field h and
the couplings �Qn� between the nearest neighboring spins are
random. This is an integrable model and, in particular, the
nearest neighbor level spacing distribution is of Poisson type.
However, we find evidence of nonballistic, perhaps, diffusive
transport. Indeed, in the small coupling case �Qn�h�, a non-
vanishing energy and/or temperature gradient in the bulk of
the system is observed and the energy current is approxi-
mately proportional to the inverse of the system size.

Note, however, that due to the small system sizes that we
were only able to simulate, the energy gradient in the center
of the system seems to be increasing with the system size
�Fig. 3�. Therefore, we also cannot exclude the possibility of
an insulating behavior, namely, that the bulk conductivity
decreases with the system size. This would be consistent
with the possibility of many-body localization observed or
suggested in related contexts.25,26
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FIG. 6. �Color online� Thermal conductivity � as a function of
temperature T �triangles�. We set the temperatures of the baths as
TL=T�1+�� and TR=T�1−�� ��=0.02�. Qn� �0.8,1.2�, N=6. The
inset shows the energy profile with TL=20, TR=2, N=6 �solid
circles�, and N=7 �open circles�. The error bar shows the standard
error.
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