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Abstract. Motivated by the fact that random quantum states are generic, i. e., that they occur as 
eigenvectors or during time evolution of sufficiently complex quantum system, we are going to 
address three questions: (i) what is the entanglement content of random quantum states, (ii) how 
can we efficiently generate them, and (iii) how come that there is apparently no entanglement in 
macroscopic world. To explain the later we will use properties of random quantum states. To answer 
the first question we are going to calcidate average values of all Schmidt coefficient and to address 
the second one we are going to explicitly calculate convergence times of various random protocols. 
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INTRODUCTION 

Quantum entanglement is one of the properties that makes quantum mechanics "strange" 
and very different from classical physics. While the concept of entanglement has been 
known from the very beginning of quantum mechanics, only relatively recently have ex
periments advanced to the point of being able to manipulate individual quanta. What is 
more, it has been realized that the entanglement can be used to our advantage and is a 
crucial resource for many quantum information processes. It enables for powerful quan
tum protocols that are better than the best classical procedures. For instance, certain 
problems can be solved in less steps by using quantum algorithms than with classical 
ones and for this speedup sufficient entanglement is needed during quantum computa
tion. Understanding the nature of entanglement is therefore of paramount importance, 
for a review see, e. g. [1]. Characterizing entanglement of arbitrary mixed states is a 
difficult and still unsolved problem. Because of that one frequently focuses on entangle
ment properties of some simpler but nevertheless important states. Here we are going 
to focus of random quantum states, that is on an ensemble of states distributed accord
ing to unitarily invariant measure. The reason to choose random quantum states in not 
just their simphcity but also their importance. They are typical in a sense that statistical 
properties of almost all states from Hilbert space are well described by those of ran
dom quantum states. From quantum chaology we also know that the same holds true 
for eigenvectors of sufficiently complex quantum systems and that time evolution in a 
chaotic system will typically produce random states [2]. Because random quantum states 
possess a large amount of entanglement they are useful in certain quantum information 
processes like quantum dense coding and remote state preparation [3, 4]. 

While entanglement is a desired property in microscopic systems employed in quan
tum information, there is apparently a complete lack of it, or at least no observable 
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manifestation, in macroscopic objects at high temperature. There have been many at
tempts to explain this classicality of macroscopic systems. Most notably, decoherence 
due to external degrees of freedom is usually credited as being responsible for the disap
pearance of entanglement from macroscopic superpositions. In a nutshell, the argument 
goes as follows: even if the system is in an entangled state at the beginning, e. g., in a 
coherent superposition of two macroscopic states, time evolution will in general trans
form this coherent superposition into an incoherent on, i. e., into a classical mixture. 
The reason for such decoherence is an always present residual coupling of our central 
system to many uncontrollable external degrees of freedom - the environment. For a 
review of decoherence see [5]. However, one must be aware that the evolution of the 
central system plus environment is still unitary and therefore, even though the final state 
of the central system and environment will presumably be very complex, it will be a 
pure state possessing some bipartite entanglement. How come that we do not observe 
any manifestation of this entanglement? As we will see, some of these issues can be 
resolved by using properties of typical that is random quantum states. 

With all these in mind we are going to study the entanglement properties of random 
quantum states. Specifically, in the first section we are going to quantify the entangle
ment content of such states by calculating the average values of all Schmidt coefficients. 
In quantum information one wants quantum protocols which are faster than the best clas
sical ones. One is therefore interested in how the time needed scales with the size of the 
problem. In the second section we are going to study how fast can one generate random 
quantum states. This is a very relevant question as one could argue that studying random 
quantum states makes sense only if they can be prepared efficiently. We will see that 
they indeed can be prepared efficiently as long as bipartite entanglement is concerned. 
Using entanglement properties of random quantum states the third section will present 
arguments why there are no observable manifestations of entanglement in macroscopic 
systems. There will be two issues, one is the difficulty of detecting entanglement, even if 
it is present, and the second one will be the role played by generic initial conditions. As 
we will see the initial randomness very efficiently wipes out the entanglement thereby 
acting as an internal source of decoherence. The work presented below has already been 
published in journal papers. 

ENTANGLEMENT CONTENT OF RANDOM STATES 

Entanglement of pure quantum states is completely specified by Schmidt coefficients jU;, 
defined through the decomposition 

|V^)= £ iUikf)®|wf), (1) 
j=0 

where |wf) and \wf) are mutually orthonormal on the respective subspaces ,J^A and 
^ of dimensions Â A = 2"^ and Â B = 2"^, total Hilbert space dimension being Â  = 
N^N^ = 2". We assume that Schmidt coefficients are ordered in a non increasing way, 
IM)> IJ'i> ••• > MA^A-I- Squares of Schmidt coefficients, A, = jU?, are nothing but the 
eigenvalues of the reduced density matrix, PA = trB|V'̂ )(V'̂ |. In all our discussions \\j/) 
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FIGURE 1. Scaled eigenvalues X{x) for a bipartite cut to n /2 — r and n/2 + r qubits, HB — MA = 2/'. 
Circles are numerics for n = 14 while the fidl line is theoretical /(x) (3). From [6], 

are going to be random quantum states. They can be obtained in various equivalent ways, 
for instance, as eigenvectors of random unitary matrices obtained by, e. g., using Hurwitz 
parameterization or simply by randomly drawing expansion coefficients according to 
Gaussian distribution [7]. Average values of various scalar functions of A; for random 
quantum states, like for instance von Neumann entropy or purity, have been calculated 
before [7, 8, 9]. Here we are going to calculate average values of A,, (A,). Because we 
are interested in the large Â  limit and because A; scale as '-^ 1/NA, we are going to define 
a continuous function /(x) which will give us the average A, in the limit Â A -^ °°, 

{h) 
1 

/W 
1/2 

Â A 
: 0 , . . . , A ? A - 1 . (2) 

While one can write an explicit expression for a joint probabihty distribution of all 
eigenvalues Xi [7, 9], using it to calculate for instance the average values of Xi is not 
easy. We rather take a different route. In the limit of large dimensions one knows that 
the distribution of eigenvalues is given by the Marcenko-Pastur law [10]. Because /(x) 
is a monotone function of x we can write down a simple differential equation, whose 
solution gives /(x) in an implicit form [6], 

/(x) = a + {b-

n l + w 

2w 
-9-

• a) cos q) 

1 
2^Jw 

sin(29) 
1 —w 
2w - arctan 

where a,h and w are determined by Hilbert space dimensions as 

a={\-

tan^ 

1 
w fo=(l + v^)2, vi; = — = - . 

(3) 

(4) 
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The form of function /(x) for various bipartite splittings can be seen in Fig. 1. With 
the increasing difference between dimensions of subspaces A and B the spectrum gets 
increasingly flat. For equal bipartition, NA= NB, the largest eigenvalue is 4/NA while 
the smallest is exactly I/NJ^ (this was conjectured in [6] and proved in [11]). The 
distribution of individual eigenvalues A, becomes Gaussian for large dimensions with 
the width scaling as 5Aj '-^ ^/N\, i. e., relative width 5Xi/Xi goes to zero as ^ 1/NA [6]. 
Correlations between A, are also small so that in the leading order in 1/A^A they can be 
considered as independent gaussian random numbers with the mean given by eq. (3). 
Recently the distribution of A; has been derived for finite sizes [12]. 

EFFICIENT QUANTUM PROTOCOLS TO GENERATE RANDOM 
STATES 

An important question from a practical point of view is how can we generate random 
quantum states? One possible procedure is the following: generate some pseudo-random 
sequence of gates, thereby producing the so-called pseudo unitary operator, applying it 
to an arbitrary separable initial state. After a sufficient number of steps we will end up 
with a random state. Each step of a protocol consists of a single apphcation of a two qubit 
gate applied to a random pair of qubits. Such random protocol has been numerically 
studied in [13] while a convergence to a uniform Haar measure has been discussed 
in [14]. Of particular importance is the question whether the random protocol is efficient, 
that is, if the number of steps scales polynomially with the number of qubits n or not. 
Of course, one should be aware that to produce an arbitrary unitary transformation, and 
therefore a truly random state, an exponential number of two qubit gates is needed. 
However, if our criteria is just to reproduce a bipartite entanglement of a typical random 
state, which is the case in our discussions, only polynomial number of gates is needed. 

Recently, the question of how many gates do we need to obtain convergence has 
been studied by analytical tools of Markovian chains [15]. Transformation to Markovian 
chains goes as follows (for details see original derivation [15]). First, we expand density 
matrix p = | v(0) (V(01 over products of local Pauh matrices, p = 'LaCa cf^ • • • c"". As 
a measure ofbipartite entanglement we use purity, which is given by/(?) = trA[p^(?)] = 
^La={aAOs}^a(0- Here a"' denotes Pauli matrix a; G {0,x,y,z} acting on ith qubit, 
with the convention <T° = 1. We want to calculate time dependence of purity for a 
protocol consisting of application of a random two-qubit gate Uij{t) acting on ith and 
jth qubits at step t, |v(? + 1)) = Uij{t)\\j/{t)). Uij{t) is going to be a product of random 
single qubit gates v{t) and V'it), independent for each qubit and at each step, and a fixed 
two qubit gate W, Uijit) = Vi{t)V'{t)jWij. Averaging over random single qubit unitaries 
V and V' from U{2) one can arrive at the transformation law of coefficients Ca after one 
step of the protocol. If a two qubit gate W preserves products of Pauh matrices, i. e., if 
W transforms a product of two Pauli matrices into a product of some other two Pauli 
matrices (apart from a phase), then the transformation can actually be written for c^, 

c\t + l)=Mc\t), M=^Y^M^\ (5) 
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FIGURE 2. Decay rate of purity for different parameters ax,y,z (6) and random protocol (black areas 
denote the fastest decay). On the left is for gates between all pairs of qubits and on the right for nearest-
neighbor gates. From [16]. 

where by c^ we denote a vector with components c^. Two qubit matrix M^̂ ) depends 
only on the two qubit gate W used in the protocol. The sum in definition of Markovian 
matrix M goes over all allowed couplings / — j , i. e., depending on the protocol this 
can be nearest neighbor qubits with open or periodic boundary conditions or all pairs 
of qubits. Markov matrix M has two eigenvalues equal to 1, corresponding to invariant 
states being an identity operator and a uniform mixture of all basis states, and a third 
eigenvalue 1 — A, where A is the gap of Markovian matrix M. If this eigenvalue is 
nondegenerate purity will asymptotically decay as lit) « exp (—?A) and will reach level 
/ ( T ) = e after convergence time z ^ \^^\- To access convergence time of random 
protocol one therefore has to calculate or estimate the gap A. This has been done in [15] 
where it has been proved that A >'-^ 1/M^, meaning that purity will reach its asymptotic 
level /(oo) r^ l/2"/2 after time ' - m'. 

In a subsequent numerical investigation [16] a two qubit gate has been identified for 
which the decay of purity is the fastest. Up-to local single qubit rotations every two qubit 
gate can be represented in its canonical form [17] 

w{ax,ay,az) = exp \i-[axGi &• + ayoj GJ ••*''̂ -*' -L a^afaj (6) 

with three parameters a^^y^z- In Fig- 2 one can see the dependence of the decay rate of 
purity on three parameters. For protocol with gates between all pairs of qubits the fastest 
decay is achieved for CNOT as well as for XY gate, while in the case when two qubit 
gates are allowed only between nearest neighbors the fastest convergence is reached 
for XY gate, see [16] for details. In Fig. 3 one can see that other quantities like Schmidt 
coefficients converge to the asymptotic values of random states (3) on equal time scale as 
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FIGURE 3. Convergence of Schmidt coefficients during random protocol. Time is expressed in units of 
the decay time of purity. Full line is theoretical prediction for random states (3). From [16]. 

purity decays. Regarding the scaling of the purity decay time on n there were numerical 
indications [16] that it scales as ^ \/n and not as ^ \/n^ as a bound proved in [15] 
would tend to suggest. This \/n scaling was furthermore strengthened by an analytical 
derivation for random f/(4) gate and coupling between all pairs of qubits [18]. Note that 
one can use known facts about entanglement production in chaotic systems to argue [16] 
that the optimal scaling of the decay time should indeed be ^ \/n. 

It is possible to derive [19] an explicit expression for the gap of Markovian chain for 
various gates and couplings. Analytical results for the gap A are obtained by mapping an 
eigenvalue problem of Markovian chain exactly to that of various (depending on the two 
qubit gate) integrable spin chains. The result for CNOT as well as for XY gate between 
all pairs of qubits is 

A = 
3M 

^ ( l / « 2 ) . (7) 

For completely random f/(4) gate between all pairs one gets shghtly smaller gap, 

A = 
5M 

^ ( l / « 2 ) . (8) 

For U{A) and nearest-neighbor coupling with periodic or open boundary conditions the 
gap is 

2{l-^ cos {•K/n)) l-^cos{%/n) 
iPBC iOBC 

n " M— 1 

All these analytical expressions improve and extend results in [15, 18]. 

(9) 
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APPARENT LACK OF ENTANGLEMENT IN MACROSCOPIC 
SYSTEMS 

In the next two subsections we are going to present two arguments, using random quan
tum states, as to why there is apparently no macroscopic manifestation of entanglement. 
Because the evolution of a system of interest and its environment is unitary the com
bined state is a pure one. Therefore, in general, there will be some bipartite entangle
ment present say between systems and environmental degrees of freedom. The question 
is then why can we not observe this entanglement. 

The resolution of this apparent paradox is similar to the one with the second law 
of thermodynamics [20]. Increasing of the thermodynamic entropy with time is also 
seemingly in contradiction with the reversibility of the underlying equations of motion. 
For explanation one can use two observations: (i) practicality - performing time reversal 
by, e. g., reversing velocities of all particles might be close to impossible from a practical 
point of view; (ii) probability - initial conditions are prevalently of such form that for 
almost all the entropy will increase with time. Similar arguments will be used in the next 
two subsections to explain the apparent lack of entanglement in quantum systems with 
many degrees of freedom. 

Practicality of detecting entanglement 

Even though a joint pure state representing central system and environment is bi
partite entangled, the detection of entanglement will be in general close to impossible 
because it would require a very complex measurement involving very many degrees of 
freedom [21]. For all practical purposes the detection of entanglement in such states is 
impossible. Let us look in more detail. 

In Ref. [21] we studied the detection of entanglement in mixtures of independent 
random states \\j/i), 

m 1 

p = I,-\Vi){ml (10) 

using an entanglement witness W [22]. By definition, an entanglement witness is such 
Hermitian operator W that tr(Wpsep) > 0 for all separable states Psep while there exists 
at least one entangled state pent such that tr (Wpent) < 0. Therefore, negative expectation 
value of W is a signature of entanglement. Because it is easier to measure larger absolute 
expectation value one can argue that the detection of entanglement is easier the larger 
this absolute value of negative expectation is. In the following we will limit ourselves 
to decomposable entanglement witnesses written asW = Q^^, i. e., as a partial transpo
sition of a positive operator Q, and we will always consider symmetric bipartition with 
subspaces A and B being of equal size. 

Let us first consider the case when we want to detect entanglement in a single (m = 1 
in eq. 10) unknown random state. The best strategy is to choose for Q a projector on 
another (independent) random state. One can show [21] that the probability distribution 
of measurement results, w/N = tr {Wp), where Â  is the dimension of total Hilbert space. 
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0.015 

FIGURE 4. Distribution of eigenvalues of p^^ (10) for mixtures of different number of random states 
m. FuU curve in left plot is theory (12). In right plot m = 256. AH is for A' = 2^". From [21]. 

converges to a Gaussian for large Â , 

p{w) = exp(- (w-1)2 /2) . (11) 

Note that measurement results scale as '-̂  1/Â  and are therefore exponentially small 
in the number of qubits. To detect entanglement in a random state one must be able 
to perform measurements with an exponential precision. But even with the exponential 
precision the probabihty to detect entanglement in a random state is just j^„p{w)dw = 
(1 — erf( l /v^)) /2 « 0.159. If we instead try to detect entanglement in a mixture of 
m random states (10) probability is even smaller, for large m exponentially small in m. 

In case we know the measured random state in advance we can prepare an optimal W 
corresponding to the minimal eigenvalue of p^^ (lo). it is therefore interesting to look 
at the distribution of eigenvalues of p^^ ̂  where p is a mixture of m independent random 
states. For a single random state, m = 1, one can derive [21] an exphcit expression for 
the distribution of scaled eigenvalues y = \/^?i, 

d.^ _ 1 
"d7^87r2 [(16 + / ) 2 r ( l - / / 1 6 ) - 3 2 £ ( l - / / 1 6 ) ] , ye[-4,4], (12) 

where E{x) and K{x) are elliptic integrals. For mixtures of more random states, m> I, 
we present only results of numerical simulation in Fig. 4. 

Role of generic initial conditions 

In this subsection we are going to study how the evolution with a general Hamiltonian 
changes entanglement of a smaller subsystem, starting from a generic initial condition. 
The idea is that we are able to control and therefore also measure only a small number of 
total degrees of freedom (of system + environment) and therefore the relevant question 
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FIGURE 5. Average minimal eigenvalue of X^^ for a two-body random matrix model. Curves with 
different r show entanglement between nearest-neighbor qubits (/• = 1), qubits separated by one qubit 
(/• = 2) and those separated by two qubits (r = 3). Entanglement is present only between directly coupled 
qubits and only for short times T < T*. From [23]. 

is how long and how much entanglement do we have within this smaller subsystem. In 
particular, we are going to study entanglement between two qubits during Hamiltonian 
time evolution of a larger homogeneous n qubit system of which these two central qubits 
are part of. 

For each specific Hamiltonian, being either chaotic of integrable, there are initial 
conditions for which entanglement at some later time is arbitrary large. However, such 
initial conditions are very special and particular to each Hamiltonian. Our argument here 
is that provided one starts from a generic initial state possessing some randomness, in 
our case these will be product random states, the evolution of entanglement will be to a 
large extend independent of the Hamiltonian (as long as one sticks to physical ones, i. e., 
only few-body interactions) and therefore universal. This universahty will come about 
due to randomness in the initial condition. 

Our initial state will be a random product state on all qubits, with similar results ob
tained also for other choices [23]. Evolving such a state for sufficiently long time will 
in general results in a random state for which we know that tracing out n — 2 qubits 
will, for large n, with high probabihty result in a separable two qubit reduced density 
matrix [24]. For small time though there will be two other competing effects. One is 
entanglement production due to time evolution with non-separable Hamiltonian, and the 
other is entanglement loss due to the spreading of initial-state randomness throughout 
the system and the approach of system's state to a random state. The net result will be 
the increase of entanglement at short times and a complete lack thereof after some fi
nite critical time. In [23] we have numerically simulated various one dimensional spin 
Hamiltonians, obtaining a universal behavior in all cases (taking into account a non-
universal characteristic time-scale for each Hamiltonian). This universal behavior can 
in turn be well modeled by a nearest-neighbor two-body random matrix model with 
Hamiltonian H = Y.ihi,i+i, where /j, j+i act non-trivially only on two qubits, for which 
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it is a 4 X 4 random hermitian matrix, same for all coupled pairs and normahzed as 
tr(/j?;^j) = 1. A random hermitian matrix is a matrix whose matrix elements are inde
pendent random complex Gaussian numbers [25]. In Fig. 5 we show results of numerical 
simulation. We characterized entanglement by calculating the minimal eigenvalue of a 
partially transposed reduced density matrix of two qubits of interest. These two qubits 
have been chosen from the center of the chain and were separated by r — 1 other (en
vironmental) qubits. If r = 1 we are studying entanglement between qubits which are 
directly coupled by our Hamiltonian. We can see that two qubits are entangled only for 
short times and only if they are directly coupled by the Hamiltonian. For initial states 
possessing some randomness this is a general conclusion and holds regardless of the 
Hamiltonian used for time evolution [23]. One consequence of this is that it is hard to 
generate entanglement regardless of the dynamics if there is some randomness present 
in the initial state. 
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