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Characterizing Quantum Many-Body Systems

Complete description given by many-body state/wave-function
U(xy,x9,...,2N,t) = (X1,...,2N|V(E))

In practice: typically measure particular expectation values

(WO(z,1)|¥) (V|01 (2, 1)0(2", 1) | ¥)

These correspond to averages over many measurements.



A lot more info in the probability distribution of a given
observable O in a QM state |¥)

Po(m) = (¥|6(0 —m)|¥) =3, [(n|¥)[*6(An — m)

Oln) = Anln,

Why should we care about these quantities?

— They are measured in cold atom experiments
— They can be interesting (multiple peaks etc)



Cold Atom Experiments

probability distribution of staggered magnetization for 2D Hubbard

model at finite temperature G iner group 117
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probability distribution of staggered magnetization for 2D Hubbard

at finite temperature
Greiner group '17

| T/t= 0.25

4+ T/t= 0.64 - 41 T/t=1.14

2 | . - 2 | ' -
0 oL . .
-1.0 -0.5 0.0 0.5 10 -10 -05 0.0 0.5 1.0
m? m?

p(m?)

Other examples :

Probability distribution of “relative phase” in split 1D Bose gases

Schmiedmayer group
10-'17



Very few results available in the literature for such quantities:

Gritsev/Altman/Demler/Polkovnikov ‘06

* [idz @ in Luttinger liquid Kitagawa et al 10

o total magnetization in GS of critical Ising QFT | gmacraft/Fendley *08

® some numerics For GS OF XXZ Moreno-Cardoner et al ‘16
e GS of Haldane-Shastry Stephan/Pollmann ‘17
e total transverse magnetisation in GS of Cherng & Demler ‘07
TFIM & related free fermion problems Ivamov&Abanov’13
Klich ‘14...

Other models/observables?




Have looked at the following cases:

e sub-system magnetisations in ground state of the critical spin-1/2

Heisenberg XXZ chain; Collura, FHLE &Groha ‘17

® fransverse sub-system magnetization in TFIM in equilibrium and
after quanfum quenches; Groha, FHLE &Calabrese ‘18

e order parameter after a Neel quench in the Heisenberg XXZ chain

Collura & FHLE
e order parameters in ground state of 1D Hubbard model

FHLE &Vernier



Some generalities

Consider
- lattice models

— observables 0 (quantised eigenvalues) that act on sub-
systems of linear size ¢, e.g. sub-system magnetisation.

In states with finite correlation length £ and Z«{ we expect

|narrow, = Gaussian |

(“thermodynamics”)

Cases with ¢—>c0 and/or £=£ will be most interesting.




Ground state of critical spin-1/2 XXZ chain

L
j=1

A = — cos(mn)

Quantum |Paramagnet

Quantum Critical



=0: Quasi-long-range AFM order in the xy-plane for -1<A«l:

A = — cos(mn)
o B A B
<GS|SJ'+"”LSJ' GS) = -_ n4/77_4)  4pn+1/n (1 i n2/772> e
o B 1 B, 4-3p L A, B,
(GS[S57,,,571GS) = R (1 + Yy 277) + (—1) i (1 — n2/77_2) + ...

for |n|>1

N.B. Slowest decay close to ferromagnet A=-1!



Subsystem Magnetization

smooth staggered
¢ S |
so(0) =3 se [N@(@ =3 (-1yse |
7=1 - - g=1

Probability distributions:

Pg(m,£) = (GS|§(N*(¢) — m)|GS) = / %e—iem‘@syewmmsz
‘ Feoz(e) ‘
- ,

Generating function

_~~

(E,QEZ Fea(r) o(m —r) if ¢ is even,

\Zfrezl:;ea(r'“‘F ) d(m—r—2) if £is odd.

Py (m, £) = <




Universality

i | )nlgsy NO‘ )jﬁ\Gs> - moments are not universal
(easy to see by bosonization)

n!

n=0




Have studied F¢(0) and G¢(6) by a combination of numerical
(iTEBD) and analytic (exact field theory, free fermion, 2-loop
RG) methods.

Field theory approach based on

L1 L . L
dzx K(Ome)2 + E(az,;(p)2

/
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Results for Staggered Subsystem Magnetizations

A. Transverse staggered magnetization (“order parameter”)
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Fz(0)

Observe scaling collapse around 6=0,m:

Fgc(e) = F (002

— —

Scaling collapse around 06=0:
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Evolution along the critical line

009 3100
L A=-06 ”
_ ° 2101
s~ 4200
i ° 32201
0.02 -
~ - 5500 Do@e
§ | 8 a D
><\2 i g Oc DD g8
& i O% Dé)
5 3
0.01 |
i & 0 %
& &
| a 5
A &
i <>O & 6 B % Oo
L 8 o AW
(o] | lo)
O 1 1 1 1 1 1 1 1 1 1 1 1 1
-100 -50 0 50 100
m

0.03

o

o

>

<

L3100

L1701

L3200

[ 3201

100

P;\;(m, L

0.03

0.02

0.01

X2

’“«o‘.ﬂ a

ﬂ"‘
S |
2% :

N

o

o

>

<

L3700
L1701
L5200
[ 3201

100



B. Longitudinal staggered subsystem magnetization
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PD is Gaussian and much narrower than transverse analog.



The limit A—-1

Ground state = equal amplitude superposition of all Sz=0 states
— closed form expressions for generating functions

Pi(m,l) = Pi(m,0)="Y2/2]x e 2m /L,
PE(m,0) = 07Y2/2/73 ™ LKy (m2)0),
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Melting of LRO affer a Quantum Quench

L
H=J SiSr, +5Y8Y  +AS:S:,
j=1

L — N ——

Initial state: |t |t {t {11t {.0

AFM Long-range order

14

Time-evolve with H, measure prob. dist. of N; =) (-1)'S?
j=1



expectation value of Ny Barmettler et al ‘09
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Probability distribution in inifial state:

5 og | delta-function at m=£/2

What do we expect in the stationary state?



Stationary State: Finite correlation length &
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Time evolution for a “small quench”
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Time evolution for a “large quench”

1Prob. dist. =
inarrow Gaussian |

average




Time evolution for an “intermediate quench”

average
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Analytic results for large A

lim Py(m,t) by combining low-density expansion for

t— 00

truncated GGE with 1/A-expansion



Analytic results: Transverse-Field Ising Chain
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Probability distribution of transverse magnetisation
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Skewness & Excess Kurtosis for h=2 and several temperatures
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Transverse field quench: prepare system in ground state of H(ho),

time evolve with H(h)
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ho=3, h=0.2
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Néel quench: prepare system in class. Néel state, time evolve
with H(h), consider prob. dist. of staggered transverse magn.
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Fagotti&Calabrese ‘08
Calabrese, FHLE & Fagotti '12

How to obtain analytic results: Felclgl=igl{I]=

Step 1: determinant representation for generating function

X" (A €) = (2 cos )\)E\/det (1 — tan(A)IV de

Known 2£x2{ matrix

2

Step 2: multiple integral representation

Ly
IN (N, 2, 1) = £1In (cos \) — % r(]}\) Trl%lrﬁnE
n=1
:Im |:1| L1 . L
1 [ 1
Tr 9" = zz' . dktz'ﬁ')fk” B dZy ... d¢n—1 p(@cLlilJF Lli'éxp il E’(kj — ko) L

J=1

Step 3: asymptotics from multi-dim stationary phase approx
and summing result over all n

difficult.
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27 n+1
dk 2n|vg |t
Inx (A, ¢, t) =~ £log(cos A) + E / —O@ ¢ — 2n|vi|t) [1 _ 20[Vi| ] g cos (2me(ko)t)F m (X ko) +C
n=0

foo(A ko) =
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e w;,
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en(K)eno (K)
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How well does this work?
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. Full counting statistics for subsystems can be interesting;

can be universal at critical points.

2. FCS is rather difficult to calculate analytically.

. FCS in ground state of quantum critical XXZ chain

. FCS of transverse magnetisation in TFIM in equilibrium &
after quantum quenches

. FCS after Neel quench in XXZ: interesting regime after

melting of LRO

. Hubbard model: spin-charge separation — FCS for CDW,
SDW order parameters essentially Gaussian (FCS of SC

order parameter in attractive case — cf. XXZ)



